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Simple model for vibration-translation exchange at high temperatures: Effects of multiquantum
transitions on therelaxation of a N, gas flow behind a shock
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In this paper a simple model is proposed for computation of rate coefficients related to vibration-tranglation
transitions based on the forced harmonic oscillator theory. This model, which is developed by considering a
quadrature method, providesrate coefficientsthat arein very good agreement with those found in theliterature for
the high temperature regime (=10 000 K). Thismodel isimplemented to study aone-dimensional nonequilibrium
inviscid N, flow behind a plane shock by considering a state-to-state approach. While the effects of ionization
and chemical reactions are neglected in our study, our results show that multiquantum transitions have a great
influence on the relaxation of the macroscopic parameters of the gas flow behind the shock, especially on
vibrational distributions of high levels. All vibrational states are influenced by multiquantum processes, but
the effective number of transitions decreases inversely according to the vibrational quantum number. For the
initial conditions considered in this study, excited electronic states are found to be weakly populated and can be
neglected in modeling. Moreover, the computing time is considerably reduced with the model described in this

paper compared to others found in the literature.
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I. INTRODUCTION

Nonequilibrium vibrational kinetics at high temperature
is a topic of interest in hypersonic aerodynamics studies
[1]. One-temperature and multitemperature models that are
widely used in the literature to simulate hypersonic gas flows
are based on the assumption of quasistationary distributions
(Boltzmann or Treanor) over vibrational energies[2-5]. These
quasistationary distributions are valid if characteristic mean
timesrelated to vibration-trandlation (V' T), vibration-vibration
(VV), and chemica reactions differ by many orders of
magnitude. In particular, the one-temperature models assume
significantly faster vibrational energy exchanges compared to
chemical reactions, while multitemperature models assume
rapidVV and slow VT processes. However, more accurate rate
coefficients calculated for VT, VV [6-10], and dissociation
processes [10,11] show that their respective characteristic
times are not very different from each other for a wide range
of temperatures. Due to this observation, one-temperature and
multitemperature models can be deemed to be inadequate and
hence more detailed state-to-state kinetic models are needed.

The main advantage of the state-to-state kinetic approach
is that the population densities of vibrational quantum states
are directly predicted, without the use of assumptions of
any quasi stationary distributions. Recently, many studies have
been carried out with the state-to-state approach such as in
high temperature N,, O,, and CO gas flows behind shock
waves [12-17], expanding flowsin nozzles[18-22], and flows
in boundary layers [23,24] and near blunt bodies [25-27].
Transport coefficients based on state-to-state kinetics were
developed in Ref. [28] and results show a significant influence
of nonequilibriumvibrational distributionsontheheat transfer.
Radiative processes are also taken into account in Ref. [29]
and numerical applications [16,17] have shown evidence of
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the strong coupling between the physicochemical and radiative
processes. Thisstrong coupling leadsto the conclusion that the
common local thermal equilibrium (LTE) assumption often
used to treat radiative mechanisms [30-32], can result in
significant errors in the evauation of the radiation and the
radiative heat issued by gas flows. Also, it was shown that
excited electronic states can strongly influence the evolution
of the macroscopic parameters of the gas flow behind a shock
[16,17].

Densities of vibrational levels are initially governed by
source terms related to VV and VT collisions in master
equations. However, it was shown that VV mechanisms can
be neglected at high temperatures (over ~10000 K) for N
and CO molecules [16,33] and hence VT transitions are
dominant in vibrational energy exchanges. In this study we
focusontheeffectsof pureVT multiquantum transitions, while
neglecting the effects of radiation, ionization, dissociation,
recombination, and other chemical reactions which will
be systematically included in future studies. Although the
latter effects are important at high temperatures, the strong
dependence of their rates on the nonequilibrium vibrational
popul ation level s necessitates accurate modeling of vibrational
energy exchanges. For instance, dissociation of diatomic
molecules, which is significant at high temperatures, proceeds
preferentially from vibrational levels close to the dissociation
energy, so that the vibrational nonequilibrium affects the
dissociation rate. Dissociation and the vibrational relaxation
are thus strongly coupled, and hence accurate modeling of
diatomic gases requires a careful description of vibrational
nonequilibrium to determine the degree of dissociation in the
flow field.

Modeling of state-specific rate coefficients for vibrational
energy exchanges is widely discussed in the literature.
Although semiclassical calculations for three-dimensional
collisions[6-8] and the exact quantum approach [9,10] provide
good accuracy, they remain neverthel ess computationally very
expensive. However, the above accurate calculations are often

©2011 American Physical Society
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used to fit the parameters in approximate approaches [ 34-36]
which are commonly used because of their simplicity and low
computing time. Therate coefficients utilized in computational
fluid dynamics (CFD) codes are often dependent of the
trandational temperature alone. The most popular model of
vibrational energy exchangesisthat of Schwartz, Slawsky, and
Herzfeld (SSH) [37], which is based on a semiclassical first-
order perturbation theory (FOPT). Thismodel isdeveloped for
a collinear binary collision characterized by an exponential
repulsive potential interaction; its generalization for anhar-
monic oscillators is given in Refs. [38,39]. However, it is
known that the SSH model works rather well for low quantum
vibrational levelsbut fails at high collision velocities and high
guantum numbers and cannot be applied for multiquantum
jumps. To avoid these limits of application, a more rigorous
theoretical approach isproposed on the basis of anonperturba-
tive forced harmonic oscillator (FHO) [40-42] aso assuming
a collinear binary collision. The FHO approach takes into
account the coupling of many vibrational states during a col-
lision, which can be valid in high temperature conditions and
for multiquantum transitions. Adamovich et al. [43] extended
the FHO model by including the anharmonicity of molecules
and a steric factor to take into account the noncollinear nature
of collisions. The steric factor is obtained from interpolations
of experimental measurements or more accurate calculations.
However, thedirect use of FHO analytical expressionsleadsto
numerical singularitiesand VT transition probabilities greater
than unity at high vibrational quantum numbers [44,45].
Nevertheless under such conditions, the analytical expressions
for the VT rate coefficients can be obtained using the model
proposed by Nikitin and Osipov [46]. This asymptotic model
uses properties of Bessel functions and appears to be valid
for al vibrationa quantum numbers and a large range of
temperature [16,17,43].

However, it should be noted that VT rate coefficients are
obtained by averaging transition probabilities over relative
collision velocities via a distribution function. This average
calculation is required for each transition and each temper-
ature, which can lead to a great computing time to obtain
rate coefficients in master equations. For this reason, the
assumption of monoquantum collisionsiscommonly used and
molecules remain in their ground electronic states to limit
the number of VT transitions. An analytica model which
can provide satisfactory FHO rate coefficients with a similar
computing time as the SSH model could grestly facilitate and
extend numerical applications of the state-to-state approach
for modeling gas flows at high temperatures.

In this paper, we propose a model which approximates
that of Nikitin and Osipov [46] by considering properties
of Bessel functions. Then, a quadrature method is utilized
to calculate FHO rate coefficients related to VT transitions
with a shorter computing time. To bring out the advantages
of the proposed approach, the rate coefficients of both
multiquantum and monoquantum transitions cal culated on the
basis of the approximate model and that of Nikitin and Osipov
are implemented to study a one-dimensiona nonequilibrium
inviscid N, gas flow behind a plane shock. Numerical results
obtained from these two models in the context of relaxation
of the gas flow macroscopic parameters are discussed. The
significance of multiquantum transitions in the vibrational
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nonequilibrium description is evaluated and the underlying
effects are compared to those obtained based on the restricted
assumption of monoquantum transitions, which is widely
used in the literature. Finally, computing times consumed by
considering various VT models are estimated and compared.

Il. FHO MODELS

A VT transition can be described by the following process:
Aa.i +M < Aa,i’ + M’ (1)

where the terms « and i correspond to the electronic and
vibrational states of a diatomic molecule A, respectively. As
theresult of VT collisional interaction withits partner M (atom
or molecule), themolecule Aisfound on adifferent vibrational
level i’ (# i).Thegap of vibrational energy Ae involved during
this vibrational jump is shared with the translational mode
of the molecule and its collisional partner, which is why the
above process is caled a vibration-trandation transition. In
thisstudy, both monoquantum (|i — i’| = 1) and multiquantum
(li —i’| > 1) transitions are considered.

The FHO transition probability related to the mechanism
Eq. (1) isderived by Adamovich et al. [43] and given by

2

. (=1 1

r=0

Py (vo) = ili"le™ exp(—¢)

2

where n = min(i,i’), and ¢ is the average number of quanta
transmitted to the initially nonvibrating oscillator, such as

e(vg) = 4 (”Ni—”)Zshh—2 (”—‘3) ®)

a?uh \ o av

Terms w(= 27 Ae/h) and h are the angular frequency and
the Planck’s constant, respectively. The symmetrized relative
collision velocity v[= (vo + vp)/2] takes into account the
detailed balance and the total energy conservation during
the VT interaction. The final relative collision velocity vy

is connected to the initia velocity v, (v = /vE + 2Ae /).

The expression Eqg. (3) is obtained on the basis of the
repulsive exponential interaction potential V(r) ~ exp(—ar)
and its mass parameters (7, y,and ) are given in Ref. [43].
Moreover, the expression Eq. (3) is multiplied by a steric
factor Syr to take into account the noncollinear nature of
collisions and is considered to be an adjustable parameter. In
this study, we adopt the value of 4/9 proposed by Adamovich
et al. [43] for N,-N, collisional interactions. This value is
obtai ned from matching the above FHO transition probabilities
at relatively low velocities with more accurate probabilities of
Billing and Fisher [6]. Indeed, the latter authors performed
calculations for three-dimensional collisions with a more
realistic intermolecular potential.

However, the transition probability Eq. (2) cannot be used
for vibrational energy exchange at high vibrational levels.
Indeed, factoria calculations cannot be done accurately since
numerical singularities (overflows and underflows) appear for
high vibrational levels and unphysical transition probabilities
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are obtained [44,45]. For the high states, the following
asymptotic model of Nikitin and Osipov [46] is suggested:

P (vo) = J2(x,), (4

where x,(vo) = 2,/n,€ isintroduced to facilitate the notation
in the next section of the paper. The term J; represents the
Bessal function of the first kind at the sth order, while s =
li —i'| and ny = [max(i,i’)! /min(i,i")1]Y>.

The rate coefficients " are obtained by averaging transi-
tion probabilities PY," given by Egs. (2) and (4) over initial
relative velocities as follows:

b =z | " S0, )P () v, (9)
0

where the one-dimensional Maxwellian speed distribution
function and the gas-kinetic frequency are given by [47]

) m vl
o) = (4 Jwew (-52)  ©

z9NT) = 0,/ BnnZ;T, (7

respectively. Note that the above two expressions depend on
the trandational temperature T and are related to the collision
partner M. Theterm o isthe collision diameter where chemical
species are considered as hard spheres.

It is obvious that the direct calculation of the integral in
Eq. (5) over initia relative collision velocities can involve
significant computational costs (i.e., time) in fluid dynamics
simulations. Indeed, the integral is computed at each varia
tion of temperature for each VT transition. The number of
VT transitions is proportional to the number of vibrational
levelsand can be very high. In the next section an approximate
model is proposed to obtain via the FHO model the rate
coefficientsand reduce greatly the computing time. Thismodel
is based on a quadrature method and uses properties of Bessel
functions.

and

1. APPROXIMATE FHO MODEL

The Bessel function J,(x,) in Eqg. (4) is an oscillatory
function and can be evaluated by its asymptotic functions J;
and J, [48]. The use of these two functions alows us to
approximate arbitrarily the VT transition probability Eq. (4)
of Nikitin and Osipov [46] in three ranges of application as
follows:

vT
P (vo)

) =[3 3T, xs € [0r].
~ fo(xl,x) = Jzz’s(xzx)» Xs € [X]_,S,xz,s],
J22,x(xs‘) = NLL cos® [xs — (25 + 1)%] » Xs € [-xz,saoo) )

(8)

The main advantage of the above formulation isthat we can
evaluate the characteristics of peaks described by the square
of the Bessdl’s function in the Nikitin and Osipov expression
Eq. (4). Indeed, by considering the kth peak, it is easy to see
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FIG. 1. Monoquantum VT transition probability related to
No(X1Z,i =5)+ Nz — No(X'Z,i’ =4) + N, process and the
collisional distribution function (for 20000 and 50000 K), both as
functions of the initia relative velocity vg. Various VT models are
considered.

in [x2,,,00) that its central position x»,; and its height A2 «
are given by

Xosk = (2s + /44 (k— Dr 9)
and

hosx = 2/(Tx2,5.) (10)

respectively. The component x;, in Eq. (8) describes the
position of J;; when it reaches a magnitude equa to the
height of the first peak located at its central position xz ; x—1,
i.e., JZ (x1s) = JZ,(x2,5x=1)- Under this condition, the com-
ponent x; ; is given by

2s!
s =2 (n(s + 1/2)1/2> ’ )

while asymptotic functions J; ; and J» ; are directly linked in
the[x14,x2,] range.

Figure 1 shows the transition probability related
to the monoguantum process Np(X'X,i=5)+N, —
No(X '%.,i’ = 4) + N,. Note that X 1% corresponds to the
ground electronic state of N, molecules and monoquantum
transitions involve the Bessel function at the first order
(s =1). In this figure, we can see that higher peaks (k > 1)
of the Nikitin and Osipov model Eq. (4) are well described
by the approximate form Eq. (8) in [x-1,00). We approxi-
mate the first peak (k = 1) of the Nikitin and Osipov model
using the asymptotic functions Jy ;-1 and J, 1 (illustrated
by dashed lines) on the left and right slopes (respectively) of
the first peak, which are bridged using a constant (plateau)
valuein the central region [x 5, X2 5] Of the peak. The constant
valueischosen to correspond to the extremum of J; ;_4 located
al xp5-1.
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The presence of the peaks alows us to split the integral in
Eqg. (5) and obtain the following expression:

KI(T) = 29T Y I (12)
k

with

L= [ fi o, T) P} (vo)dvo, (13)
Avy
and where the term Av, corresponds to the velocity range at
the end points of the kth peak. Moreover, we can observe in
Fig. 1 that the collisional distribution function covers more
peaks (k > 1) at higher temperatures (as at 50000 K). Note
that since the peaks are rather sharp, we can assume that the
magnitude of the distribution function varies slowly within
them. So, in the first approximation we can assume that this
magnitude is constant and equal to that on the central velocity
v2,5.x Within each peak k; the central velocity along the vg
axis corresponds to the above central position x; ; , along the
xs axis. The assumption of slow variation committed by the
distribution function allows us to rewrite Eq. (13) asfollows:

Py (vo)dvo, (14)
Avy
where the integra bound on the Av; range is simply the
calculation of the area related to the kth peak. The surface of
this peak can be estimated by the method of “triangles’ [49],
i.e., by multiplying its height 4, by its width at the half
height Av;. Thus, the relation Eq. (14) becomes

L~ f35(uy 1 T)PYT (v25 1) Avy. (15)

Finally, introducing the above relation in Eq. (12), we
can estimate the general VT rate coefficients Eqg. (5) by a
quadrature method as follows:

I~ i 2,5k T)

ki (T) ~ Z32(T) [Ik_l + ) SN 2k T)
k>1

X PIYfT(vzysyk)Av,’(:| . (16)

However, Fig. 1 shows that the first peak (k = 1) islarger
than the others and that the assumption of slow variation of the
collisional distribution functionwithinthispeak isnot justified,
especialy at lower temperatures (as at 10000 K). To maintain
the goal of reducing computing time without loss of accuracy
in calculations at high temperatures, in the first approximation
we split the integral 1,1 Eq. (13) over the three ranges of
application of the approximate transition probability Eq. (8)
asfollows:

X1s X2,s X0,2 3 ( )
Ik:J_ = / —|— / / ~ Z ijzl’ (17)
X0,1 X5 X2,s j=1

where the components xg 1 (= 0) and xg 2 [= (25 + 3)7/4]
correspond to the positions of the end points of the first peak
(k = 1). The various subintegrals I,f’z)l are also evaluated by
assuming a constant value of the distribution function and
using the triangle integral method, similarly to the relation
Eq. (15). The constant values are taken to be those evaluated
at the midpoints of thefirst interval [xo.1,x1,] and last interval
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FIG. 2. Monoguantum VT rate coefficients related to
No(X1X,i =5,25) + Ny — Np(X'Z,i —1) + N, processes as
functions of the translational temperature. Various VT models are
considered.

[x2.5,x0.2], while in the central region [x1 ;,x2] the constant
value is taken to be the maximum value of the distribution
function located at x1 ;. It may be noted that the approximation
of the distribution function in the central region can aso
be alternatively chosen to correspond to the midpoint value.
However, the error in the latter approximation was found to be
much higher (perhaps dueto the rapid decay of the distribution
function) and hence this alternative is not used.

The rate coefficients related to VT monoguantum transi-
tionsN(X 12,i) + No — No(X1X,i — 1) + Noatlow (i =5)
and higher (i = 25) quantum numbers are shown in Fig. 2. We
can see that the asymptotic model of Nikitin and Osipov [46]
agreeswell with that of Adamovich et al. [43] in awide range
of temperature and vibrational states. The approximate model
Eq. (16) of this study underestimates VT rate coefficients at
low temperatures due to the simple quadrature calculation on
thefirst peak (1;—1). However, results obtained with this model
become in very good agreement with those of FHO models
from nearly 8000 K. Indeed, we saw that the distribution
function covers more peaks (k > 1) at higher temperature, so
quadrature cal cul ations on these peaksare more accurate dueto
their narrowness. Figure 3 confirmsthat the rate coefficients of
monoquantum VT transitions Eq. (16) developed in this study
can be used for high temperatures and in the whole range of
vibrational levels.

Figure 4 illustrates VT multiquantum and monoguantum
rate coefficients from the 30th vibrational level to lower
states i (=20,28,29) of the N, molecules in their ground
electronic state X 3. We can seethat the multiquantum jumps
predicted by Adamovich et al. [43] are in good agreement
with those given by the model of Nikitin and Osipov [46], so
that from now only this latter reference is considered for the
comparison. Theapproximate model Eq. (16) developedinthis
study provides a very good agreement of the rate coefficients
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with those given by the FHO models for temperatures over
~8000 K.

Note that multiquantum rate coefficients (i = 20,28)
become comparable to that of the monoguantum process
(i = 29) with rising trandlational temperature. Hence, mul-
tiqguantum processes cannot be ignored in high temperature
conditions. However, large multiquantum transitions (i = 20)
are very unlikely to occur at lower temperature since collision
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processes and as functions of the translational temperature. Various
VT models are considered.
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energies are not high enough to permit large energy jumps.
Nevertheless, we can seein Fig. 4 that the rate coefficient for
multigquantum transitions (i = 28) is not far from that of the
monoquantum transition (i = 20) at low temperature. Indeed,
since the energy levels become closer to each other with rising
vibrational quantum numbers, the vibrational jumps become
easier at moderate and high vibrational levels. Therefore,
we can expect from Fig. 4 that the first vibrational levels
are populated mainly by monoquantum transitions and thus
the well known SSH model [37] can be applied for these
levels at low temperature.

IV. APPLICATION AND DISCUSSION

Similarly to the worksin Refs. [15-17,29,44], we consider
a state-to-state nonequilibrium reactive gas flow, on the basis
of kinetic equationsfor distribution functionsin the spatial and
temporal coordinates(r,z). The gasflow isunder thefollowing
conditions:

Tel ~ TRR ~ Trr K Ty ~ Tyg ~ U, (18)

where t,;,Trr, TrT.TvT, aNd Ty £ are the characteristic mean
times related to eadtic, rotation-rotation (RR), rotation-
trandation (RT), vibration-trandation (VT), and vibration-
electronic (VE) processes; ¢ is the mean time of variation
of macroscopic parameters. The above condition issatisfied in
awide temperature range, in particular for high enthalpy and
high temperature hypersonic flows[1]. Under these conditions
and using the modified Chapman-Enskog method [29,50,51],
the zero-order distribution function of diatomic molecules is
found to be in the following form:

3/2 Na l_sqti CZ gqi

© m [0 m J
Juij = (anT) 7 ex'o( kT kT)’ (19)
where mand k are the mass of the molecule and the Boltzmann
constant, respectively. The terms 5%, %', and Z% are the
rotational statistical weight, the energy of therotational level |,
and the rotational partition function, respectively. These
terms are related to the electrovibrational state (w,i) of
the number density N, ;. The peculiar velocity C(=u — v)
is related to the macroscopic velocity v of the gas flow
(u is the microscopic velocity of molecules). The molecular
distribution Eq. (16) describes a local Maxwell-Boltzmann
distribution over velocities and rotational energies at the gas
temperature T. The nonequilibrium character of the gas flow

is carried by the electrovibrational density N, ;.

The molecular distribution function Eq. (19) is expressed
in terms of the macroscopic parameters N, ;(r,t), v(r,¢), and
T(r,z) which form a reduced set of variables to provide a
closed self-consistent gas flow description in the state-to-
state approach. A system of governing equations for these
variables was derived in the general form in Refs. [15,29].
In the Euler approximation of a one-dimensional stationary
gas flow behind a shock, this system of equations leads to
the conservation equations of momentum and total energy
coupled tothe equations of state-to-state vibrational-electronic
kinetics[16,17]:

d(vNaL,i) —

Rl)tia 20
dx ’ (20)
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dv dP
o T a0 (1)

dUu dv
va-FPa:O, (22

respectively. The terms x, v, P, and Uare the distance
from the shock front, the flow velocity in the x direction,
the pressure, and the total internal energy per unit mass,
respectively. The source term in Eq. (20) is expressed as a
sum of several source terms related to various processes:

Rui=Ry[ + Ry} (23)

The source term related to VT transitionsis given by

R;/zr = Z Ny Z (kyi’iNai’ - ko}zv,lii'Nai)’ (24)
M i1

where the term N, corresponds to the number density of the
collisional partner M in the process Eq. (1). The forward rate
coefficients ké‘f’ii, are calculated from the general form Eq. (5)
by considering various VT models discussed in this paper. The
backward rate coefficients k., are obtained from the detailed
balance at thermal equilibrium.

A VE transition can be described as follows:

Aa’,' + M < Aa",‘/ + M, (25)

wherethemolecule Ainitsinitial electronic state« isfoundin
afinal electronic state «’. The molecule is assumed to remain
inthe ground vibrational level of the corresponding electronic
state (i =i’ = 0). The source term associated with this
VE transition is

RYE = "Ny > (ki Noir — k! Nui). (26)
M o'#a

where the rate coefficients k¥ and k» expressed in the
Arrhenius form are taken from Losev and Yarygina [52] for
N> molecules.

We apply the governing equations (20), (21), and (22) to
study a pure N, gas flow behind a plane shock wave. The
ground X 1 and first excited electronic states A X and B 31
of N, molecules are considered in the modeling. These excited
electronic states come from the VE transitions as follows[52]:

Nao(X 12) + M < Na(A3%,B3M) + M. 27

Coefficients of Dunham given in Refs. [53,55] are taken
into account to calculate the vibrational energy levels of N,
moleculesin their various electronic states. These coefficients
lead to 49, 31, and 29 total vibrational levelsfor X 1X,A 3%,
and B °T1 states, respectively. The free stream conditions are
the same as in Ref. [56], i.e, a Mach number of 19.83,
a temperature of 300 K, and a pressure of 27 Pa. Indeed,
we expect in the future to complete the two-dimensional
hypersonic blunt body N, gas flow simulations by Josyula
et al. [56] using the analysis of results obtained in this paper.

Our N3 gas flow is simulated on a 2 GHz quad-core Intel
Xeon processor, by considering a geometric progression of
~80000 grids along the x axis. Numerical calculations run
until a distance of 10 cm behind the shock is reached. The
stiff ordinary differentia equations (20), (21), and (22) are
integrated by using Gear’s method [57].
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FIG. 5. Vibrational distributions of N,(X'X,i = 1,10,20,40)
molecules as functions of the distance behind the shock. Multi-
quantum and monoquantum transitions and various VT models are
considered. Free stream conditions. P, = 27 Pa, T, = 300 K, and
M, = 19.82.

Figure 5 shows the vibrational distributions of molecules
N2 (X 1x.,i) for various levelsi (=1,20,30,40) as functions of
the distance behind the shock. Compared to monoquantum
transitions, those multiquantum transitions lead to a much
faster relaxation of high vibrational states. Indeed, multiquan-
tum mechanisms are more efficient on high levels because
of their proximity to each other, so there is a small energy
gap for the energy exchanges. Consideration of multiquantum
processes causes a dight decrease of the concentration of the
first vibrational states and more population of higher levels.
Note that results obtained with the VT model of this study,
Eq. (16), are in a good agreement with those obtained with
the model of Nikitin and Osipov [46]. However, we can seein
Table | that with the approximate model the one-dimensional
N2 gas flow code runs ~82 and ~107 times faster in cases of
multiquantum and monoquantum collisions, respectively.

The local vibrational temperatures of each level i are
illustrated in Fig. 6 and are defined as follows:

T*(i) = e —ei) (28)
Y kln(Not,i/Na,i:O)’

where theterm 7 corresponds to the energy of the vibrational
level i related to the electronic state «. This figure confirms
faster relaxation of high levels when multiquantum jumps
are considered. Indeed, the vibrational temperatures of these
states increase more rapidly with the distance from the shock
compared to those of lower levels. Inthe case of monoquantum
jumps, the behavior of these vibrational temperatures is
opposite. Here, vibrational temperaturesof high levelsincrease
more slowly compared to those of lower states, because
monoquantum processesinvolvevibrational energy exchanges
only between nearest neighbor vibrational levels. Clearly,
molecules reach a vibrational state by jumping step by step
from the lower levels, which leads necessarily to a slower
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TABLE |. Computing time estimated according to the various VT models, kind of vibrationa energy exchange (monoguantum and

multiquantum), and total number of vibrational levels in the modeling.

Energy exchange + electronic state VT model Clock time
Multiquantum + ground electronic state (49 levels) Nikitin and Osipov [46]// Present 5.9h/ 4.3 min
Monoquantum + ground electronic state (49 levels) Nikitin and Osipov [46]// Present 25min// 14 s
Multiquantum + ground and excited electronic states (109 levels) Nikitin and Osipov [46]// Present 1.8 days// 31.2 min
Monoquantum + ground and excited electronic states (109 levels) Nikitin and Osipov [46]// Present 3.7h// 2 min

relaxation of high levels in the case of monoquantum transi-
tions. This kind of displacement through levels of vibration
aso explains the shift of the thermal equilibrium obtained
with the various models of VT energy exchanges. Indeed,
molecules need more VT collisionsto reach avibrationa level
on a characteristic time of observation, so these molecules
reach the thermal equilibrium at a longer distance behind the
shock than in the multiquantum case.

InthisFig. 6, we can al so seethat the translational tempera-
ture decreasesmorerapidly with thedistancewhen wetakeinto
account multiquantum processes. This behavior arises from
the rapid release of energy from the trans ational mode to the
vibrational oneresulting inthe popul ation of higher vibrational
levels and allowing them a fast relaxation. Note that from the
evolution of the trandational temperature with the distance
behind the shock, we can see that multiquantum processes
become active when intermediate levels become sufficiently
populated from the first levels. Indeed, molecules on these
intermediate levels can easily jump to higher vibrational states
since energy levels become closer to each other for higher
vibrational quantum number, and multiqguantum transitions
are more efficient when energy gaps are small. Figure 6 aso
confirmsthelimits of application of one- and multitemperature
models. These model sassume asingle vibrational temperature

40000

T T T T T T T T T T

- Multiquantum Monoquantum VT model

1) (K)

Nikitin et al. [46]

i

X"z

30000 [
| Present

20000
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P g
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107 107 10" 10° 10"
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FIG. 6. Evolution of loca vibrational temperatures of
No(X 1%,i = 1,20) molecules and the trandlational temperature
as functions of the distance behind the shock. Multiquantum and
monoquantum transitions and various VT models are considered.
Freestream conditions. P,, = 27 Pa, T,,, = 300 K, and M, = 19.82.

for all levels, which is not the case in the figure as shown by
the state-to-state approach.

Figure 7 illustratesthe vibrational distribution asafunction
of the vibrational quantum number related to N, molecules
in their ground electronic state. This figure is obtained by
considering multiquantum and monoquantum processes for
various distances behind the shock (0.01 and 0.03 cm). It is
clear that multiqguantum mechanisms populate intermediate
and high levels more quickly, i.e, for i > ~10. With the
multiquantum transition case, the last vibrational levels seem
to follow a Boltzmann distribution with a common vibrational
temperature. Thiscan be explained by thefact that the energies
of these last levels are so close (compared to lower levels)
that a few VT collisions permit them to follow a similar
relaxation behind the shock. However, concentrations of the
first levels (i <~ 10) vary and decrease slowly during the
relaxation of the gas flow behind the shock wave. The reason
for the dow variation is that VT transitions of molecules
in the first vibrational levels require a large energy gap and
monoquantum or multiquantum collisions are less effectivein
these conditions. The concentrations of the first vibrational
levels decrease because molecules in these levels jump to
higher levels due to VT transitions. This figure aso shows
that the VT model developed in this paper gives satisfactory
results.

Figures 8, 9, and 10 present the vibrational temperature
related to the first (i = 1), intermediate (i = 20), and last
(i = 40) vibrational levels as a function of the distance
behind the shock, calculated taking into account various VT
energy exchanges. Monoquantum (s = 1) and multiquantum
(s > 1) transitions are considered. These figures show that all
vibrational levels are influenced by multiquantum processes.
However, relaxation of the first vibrational levels is finally
achieved by VT collisiona interaction between thefive nearest
levels. Densities of intermediate and higher levels depend,
respectively, on 20 and almost al levels (~40) of the ground
electronic state. This behavior of al levels shows again the
connection of the efficiency of multiquantum transitions with
the magnitude of the energy jumps. Indeed, transitions from
the first levels aready occur for large energy jumps, so VT
transitions are less efficient and only a few nearest levels
contribute to multiquantum mechanisms. However, the energy
levels are closer for higher quantum numbers of the vibra-
tion; therefore vibrational distributions of higher levels are
sensitiveto the concentrationsof morelevelsviaV T collisions.
The above results show that the number of multiquantum
transitions needed in our simulations to capture state-specific
behavior increases with vibrational quantum number. This
observation can be used to further improve the computational
efficiency of our simulations by using different maximum
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various VT models are considered. Free stream conditions; P, =
27 Pa, T,, = 300K, and M, = 19.82.

numbers of allowable jumps depending on the vibrational
guantum number of each state.

Figure 11 also shows the influence of VT processes on the
evolution of the trandational temperature with the distance
behind the shock. We can see that this evolution is almost
entirely governed by the first and intermediate vibrational
levels. Indeed, the densities of higher levels are too weak
compared to those of low levels, and thus they cannot play
agreat rolein the evolution of the macroscopic parameters of
the gas flow with the initial conditions of this study.
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FIG. 8. Evolution of the loca vibrational temperature of
N,(X 1X,i = 1) molecules as a function of the distance behind the
shock. Monoquantum (s = 1) and multiquantum (s > 1) transitions
are considered. Free stream conditions: P,, = 27 Pa, T,, = 300 K,
and M, = 19.82.

PHY SICAL REVIEW E 83, 026308 (2011)

UNLEERE | T T T T

- Symbol Data VT model 7
30000 - _— s=1 Present n
: -—-- s=5 Present :
S s=10 Present 1
B —_—- s>20 Present 1
20000 - -

10000

Vibrational temperature Ty (XlZ, i=20) (K)

0 ol
10° 107 10" 10° 10"
Distance behind the shock (cm)

FIG. 9. Evolution of the local vibrational temperature of
N,(X 12,i = 20) molecules as afunction of the distance behind the
shock. Monoquantum (s = 1) and multiquantum (s > 1) transitions
are considered. Free stream conditions. P,, = 27 Pa, T,, = 300K,
and M, = 19.82.

Until now, only the ground electronic state of N
molecules was considered with its 49 total vibrational levels
(i=0,...,48). Now, the excited electronic states A3%
andB °I1 are implemented in the modeling and Fig. 12
shows their evolution with the distance behind the shock in
consideration of various VT mechanisms and models. We
can see that concentrations of excited electronic states still
relax and do not reach the equilibrium state at a distance of
under 10 cm. Moreover, their concentration is slightly higher
in the case of monoquantum transitions because molecules
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FIG. 10. Evolution of the local vibrationa temperature of
N,(X 1X,i = 40) molecules as a function of the distance behind the
shock. Monoquantum (s = 1) and multiquantum (s > 1) transitions
are considered. Free stream conditions. P, = 27 Pa,T,, = 300 K,
and M, = 19.82.
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reach excited electronic statesvia VE collisions[see Eq. (27)]
fromtheir first vibrational levels of the ground electronic state.
Indeed, we saw abovethat populations of thefirst levelsrelated
to the ground electronic state are higher with monoquantum
collisions (see Fig. 5).

However, as the total mass fraction is equal to unity, we
can see that the densities of the excited electronic states
remain very low under the free stream conditions of this study.
Therefore, excited electronic states can be neglected in the
actual modeling, and N, moleculesin their ground electronic

107
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FIG. 12. Evolution of concentrations of N, molecules in their
excited states A3 and, B 31T as functions of the distance behind
the shock. Multiquantum and monoquantum transitions and various
VT models are considered. Free stream conditions. P, =
27 Pa,T,, = 300K, and M., = 19.82.
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state give the main contribution to the predicted evolution
of the gas flow macroscopic parameters. Nevertheless, these
excited el ectronic statesmust be taken into account if radiative
intensities from the first positive N, system [58] are expected
to be evaluated accurately. Note that vibration-electronic
transitions observed for CO molecules[59,60] may effectively
increase the concentration of excited electronic levels in
the present modeling. Unfortunately, data for VE jumps
related to N, molecules are not available to our knowledge.
Figure 12 aso shows the good agreement of electronic level
concentrations obtained using the present VT model with that
of Nikitin and Osipov [46].

Further, it would be interesting to evaluate the increase in
computing time required by the one-dimensional numerical
code, when excited electronic states are considered along with
supplemental vibrational levels. Indeed, the excited electronic
states of N, molecules involve dightly more than double
the total number of vibrationa levels (=106). Table | shows
that consideration of excited electronic states considerably
increasesthe computing timewiththeVT model of Nikitinand
Osipov [46]. Indeed, the latter model implies almost two days
of computing time, whereas our model requires only about
thirty minutes in the multiquantum case. When considering
monoquantum transitions, the model developed in this study
isalso ~100 times faster.

V. CONCLUSIONS

A model is presented in this paper to calculate FHO rate
coefficients related to VT transitions at high temperatures.
This model is obtained with a quadrature method by using
properties of Bessdl’s functions. Rates obtained with this
model are in good agreement with those obtained with FHO
models found in the literature. This model is used to smulate
a pure N, gas flow behind a shock by considering a state-
to-state approach. The macroscopic parameters behind the
shock obtained using the proposed model are similar to those
obtained on the basis of FHO models. The difference lies
in the computing time, where the model developed in this
study is ~100 times faster. For the free stream conditions
considered in this work we found a low concentration of N»
moleculesin their excited electronic states; therefore they can
be neglected in the modeling. Nevertheless, their presence
shows that additional vibrational levels strongly increase
the computing time especialy if multiquantum transitions
are taken into account. Multiquantum processes are found
to have a great influence on the evolution of macroscopic
parameters of the N, gas flow behind the shock. Indeed,
the relaxation of high vibrational states is much faster than
that of lower states, while a contrary behavior is observed
if monoquantum transitions are considered. Moreover, with
multiquantum processes, a thermal equilibrium distribution
of vibrational levels is attained at a considerably shorter
distance behind the shock. Multiquantum jumps must be taken
into account for al vibrational levels in modeling. However,
the number of these transitions may decrease inversely as a
function of the vibrational quantum numbers.

Further validation of the approximate model developed in
this study can be performed using more accurate quantum
calculations or experimental data on VT energy exchanges
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a high temperatures. However, this model can be efficiently
utilized in nonequilibrium gas flow studies, because it can
allow us to consider excited electronic states of molecules
and their multiguantum jumps with a very short computing
time. We plan to extend the present work to investigate the
effects of dissociation of N, molecules by accounting for VT
multiguantum transitions obtained with the proposed model.
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